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A theoretical investigation is presented of the convection-difision of model nonspher- 
ical solutes in shear flow over a plane wall. The analysis proceeds by formulating the 
underlying configuration-space Brownian transport equation for the distribution over 
accessible positions and orientations. Geometrical constraints are imposed via boundary 
conditions preventing wall penetration, and some of the calculations incorporate hydro- 
dynamic interactions with the wall. The analysis is brought to fruition by regular pertur- 
bation expansion in the rotary Piclet number, and solution of the resultant boundary- 
value problems by a Galerkin technique. Three specific mechanistic conclusions result 
from the analysis. First, steric constraints imposed by the wall impedes the shear-in- 
duced solute alignment (producing a more nearly uniform distribution oxr orientations 
relative to the unbounded-fluid case) near the wall. Second, although the first effect of 
flow is to counteract the equilibrium depletion of solute centers near the wall, flow 
reinforces this depletion at higher order in the shear rate. nird, solute-wall hydrody- 
namic interactions act to strengthen the shear-induced solute alignment near the wall. 
This last phenomenon occurs because hydrodynamic wall effects significantly decrease 
the rotary difisivity, but have little effect on the angular veloci@, thereby locally increas- 
ing the effective rotary Piclet number (the eflective flow strength). Corresponding&, 
solute-wall hydrodynamic interactions reinforce the flow effects on the near-wall deple- 
tion just noted. Steric and hydrodynamic wall effects typically are of order 15-20% 
near the wall. 

Introduction 
The hindered convection of macromolecules and colloidal 

particles near surfaces and through pores is central to nu- 
merous separations and rheological processes, including hy- 
drodynamic chromatography (DiMarzio and Guttman, 1970; 
Prud’.homme et al., 1982; McHugh, 1984), field-flow fraction- 
ation (Giddings, 1984-1985), and the flow of polymer solu- 
tions through porous media (Aubert and Tirrell, 1982; Chau- 
veteau, 1982). The confined Brownian motion of roughly 
spherical solutes is largely understood, at least in simple pore 
geometries (McHugh, 1984), as is the dynamics of nonspheri- 
cal particle transport in unbounded flows (Bird and Warner, 
1971; Hinch and Leal, 1972; Stewart and Sorensen, 1972). 
However, many questions remain open regarding the convec- 
tion of nonspherical Brownian solutes near walls. For such 
species, both flow-induced alignment and geometrical con- 
straints imposed by bounding surfaces impact materially on 
distributions over molecular orientations and on dissipation 
rates. Thus, the theoretical study of such effects at the micro- 

scopic scale is key to the interpretation and detailed under- 
standing of measured transport and rheological properties. 

In hydrodynamic chromatographic experiments that com- 
pare the elution characteristics of latex spheres and the rod- 
like xanthan polysaccharide, Prud‘homme et al. (1982) pre- 
sent strong evidence for flow-induced molecular alignment. 
These experimental findings are supported by order-of-mag- 
nitude calculations based on orientational distributions for 
unbounded linear flows, which show that the apparent degree 
of alignment is roughly consistent with rates of shear and 
elongation estimated to occur within the porous packing 
(Prud’homme and Hoagland, 1983). 

Within rheological contexts, more detailed theoretical 
analyses have been undertaken to understand the interplay 
between such flow-induced alignment (and stretching) and the 
steric constraints imposed by bounding walls, the latter ig- 
nored by Prud’homme and Hoagland (1983). Kinetic theory 
for flexible (bead-spring) dumbbell models of polymers is well 
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developed, at least for the case of point-size beads that do 
not interact hydrodynamically with the walls or with each 
other (e.g., Goh et al., 1985a,b; Brunn and Grisafi, 1987a,b; 
Grisafi and Brunn, 1989). By comparison, relatively little work 
has addressed rigid solutes. In their study, inter alia, of the 
convection-diffusion of a rigid point-bead dumbbell in 
Poiseuille flow within a slit pore, Stasiak and Cohen (1983) 
develop a perturbation expansion for the distribution over 

Figure 1. Definition sketch: (a) nonspherical particle in 
simple shear flow over a planar wall; (b) two 
alternate parametrizations of the particle ori- 
entation. 
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positions and orientations in powers of the rotary Ptclet 
number (assumed small). Although they dTaw rheological 
conclusions from this expansion relating to spatial inhomo- 
geneity of the shear rate, their analysis is based upon a 
boundary condition that prevents only the center of mass, but 
not the beads, from penetrating the walls. In their corre- 
sponding analysis of simple shear flow, Park and Fuller (1984) 
account for the wall contact geometry, and so explicitly incor- 
porate the fact that rotation is constrained when the dumb- 
bell center lies within one half-length of the walls. However, 
their calculations are based upon an incomplete boundary 
condition that precludes only diffusive flux through the walls, 
but not convective flux. Thus, both analyses effectively ad- 
dress only the bulk-flow physics and leave completely open 
the dynamical processes by which the walls affect rotation. 

Recent theoretical developments on Brownian motion near 
walls (Nitsche and Brenner, 1990; Nitsche, 1991) have estab- 
lished a general framework for the construction of boundary 
conditions expressing wall impenetrability for rigid solutes of 
arbitrary shape. Using this framework, Schiek and Shaqfeh 
(1995) for the first time account properly for the near-wall 
physics in their calculation of the first two terms in a small 
PCclet number expansion of the distribution over positions 
and orientations. This calculation of the configurational dis- 
tribution is coupled with a comprehensive general theory of 
nonlocal stress effects for suspensions of thin rods in simple 
shear and Poiseuille flows between flat plates. De Pablo et 
al. (1992) present a corresponding study on the distribution 
of rigid dumbbells and multibead rods in simple shear flow 
between flat plates via Brownian dynamics simulation. Both 
analyses account for hydrodynamic anisotropy of a rodlike 
solute, but ignore its hydrodynamic interaction with the walls. 
Conclusions of this previous work are considered vis-h-vis the 
present analysis in the “Discussion” section. 

The purpose of this article is to advance the understanding 
of confined convection-diffusion of rigid nonspherical solutes 
by studying further effects of steric (geometrical) constraints 
on flow-induced alignment and by incorporating hydrody- 
namic interactions to ascertain the manner in which hydrody- 
namic wall effects influence the configurational distribution. 
This program is pursued with reference to the motion of sim- 
ple model solutes in shear flow over a planar wall. The next 
section develops the pertinent Brownian transport equations. 
Subsequently, we introduce approximate expressions for the 
requisite configuration-dependent diffusion and velocity 
components, and devise a numerical solution procedure. 
These developments are ultimately applied to calculate dis- 
tributions over accessible solute positions and orientations. 

Formulation of the Model Problem 

The physical system in Figure l a  consists of a semiinfinite 
expanse of fluid undergoing simple shear flow in the positive 
x direction above a rigid plane wall at z = 0, for which the 
velocity field is 

u(x) = i+z. (1) 

Suspended in this flow is a rigid nonspherical particle that in 
our analysis is taken to be one of two simple model particles: 

(1) a dumbbell composed of two freely rotating spherical 
beads of radius a separated by a rigid connector (with negli- 
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gible hydrodynamic resistance) holding their centers at a fixed 
distance 21, or 

(2) a prolate spheroid with major semiaxis 1 and minor 
semiaxis pl. 

In both cases, the solute configuration is quantified by the 
position coordinates x Q ( x ,  y, z )  of its center and by polar 
and azimuthal angles e Q (8 ,  d), respectively measured from 
the z and x axes, specifying the direction of its axis of revolu- 
tion (Figure lb). Since the solute particle cannot penetrate 
the solid wall, the set of vertical positions accessible to its 
center depends upon the polar angle 8 (cf. Hoagland, 1988; 
Park and Fuller, 1984; Schiek and Shaqfeh, 1995). Thus, the 
configuration must lie within the accessible set 

where a = a/l. In Eq. 2, /3 is set to zero in considering the 
case of a dumbbell, and a is likewise set to zero for the case 
of a spheroid. 

In interpreting the results below, it will be useful in certain 
cases to introduce an alternative set (6, cp) of polar and az- 
imuthal angles, respectively measured from the y and z axes, 
as indicated in Figure lb, following more closely the conven- 
tions usual in analyses of rotary transport in unbounded shear 
flows (cf. Hinch and Leal, 1972; Stewart and Sorensen, 1972). 
The two sets of angles are related by the expressions 

cos 6 = sin 8 sin 4, 
sin 6 cos cp = cos 8 .  (3) 

Steady-state Brownian motion of the solute is described by 
a probability density P ( x ,  y, z ,  8,4) giving the distribution 
over positions and orientations. Attention is focused upon an 
x-  and y-independent distribution, which is governed by the 
transport equation (Brenner and Condiff, 1972; Nitsche and 
Brenner, 1990) 

v,."J + v, .~J = 0 (4) 

posed in We, in which the translational and rotational fluxes 
are given by the convective-diffusive constitutive relations 

"J = - ""D .Vz P - "'D' .Ve P + ( k i )  P , 

"J= -"'D*V,P -e"D*VeP + eP .  (5) 

In these equations, V, and V,, respectively, denote the trans- 
lational and rotational gradient operators 

The dyadics "D, eeD,  and ""D denote the diffusion dyadics 
for (z-directed) translation, for rotation, and for coupling be- 
tween these modes of motion. The vectors ki and i repre- 
sent the force- and torque-free translational and angular ve- 
locities of the freely suspended solute. It is worth noting that 

k i  

ezDt  

/ 

Figure 2. Partitioning of the grand diffusion dyadic and 
particle velocity vector. 

'"D, ""D, and k i ,  respectively, constitute subblocks of the cor- 
responding full translational diffusivity, coupling diffusivity, 
and translational velocity, as indicated in Figure 2. 

Impenetrability of the wall is maintained by imposing the 
boundary condition 

at the surface given by S(z, 8 )  = 0, which expresses the fact 
that translational and rotational fluxes must conspire to pro- 
duce zero net solute flux through the wall ( z  = 0) at its point 
of contact with the wall; Eq. 7 can also be interpreted as 
requiring zero normal flux at the boundary d0" '  of the con- 
figuration space corresponding to solute-wall contact (Nitsche 
and Brenner, 1990; Nitsche, 1991). Far from the wall the z- 
directed particle flux must decay to zero at all orientations, 
so that 

k.'J+O as z + m .  (8) 

The scale of the solution is set arbitrarily by requiring P to 
relax to the normalized orientational distribution P, (e) for 
an unbounded shear flow: 

Additionally, P must satisfy conditions at boundedness (owing 
to Legendre-type singularities in the transport equation at 
8 = 0 and m )  and of periodicity in 4. 

Hydrodynamic Coefficients 
To assess the manner in which hydrodynamic wall effects 

influence the distribution over positions and orientations, it 
is necessary to calculate diffusivities and convective velocities 
characterizing solute motion near a plane wall at vanishing 
Reynolds number. The two model particles considered here 
are prototypical solutes for which this task can accomplish a 
reasonable approximation in a rather explicit form. 
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Dumbbell metric ('e-form') diffusivities "'D and ""D computed from the 
identities in Eq. 27, as it must. 

In shear flow past a stationary dumbbell, the hydrodynamic 
forces on the beads are given by the corresponding approxi- 
mations 

For the dumbbell (assumed to have freely rotating beads) 
in quiescent fluid, the hydrodynamic forces on the " + " and 
" - " beads are linearly related to their respective velocities 
U +  and U -  via expressions of the form 

with F, the dimensionless hydrodynamic force on an isolated, 
freely rotating (but stationary) sphere in shear flow over a 
plane wall, calculable from the tabulation of Goldman et al., 

The positions x+, x- and velocities U + ,  U -  of the beads are 
of course not independent, being related by the expressions 

(1967b) (see Appendix). Starting from a superposition of Eqs. 
10 and 16 for the general case where the dumbbell moves in 
the flow, and setting the total hydrodynamic force and torque 
on it equal to zero (so that it is freely suspended), straightfor- 
ward manipulations lead to the following expressions for its 
shear-driven translational and angular velocities: 

x *  = x +le, 

U , = U f l a - Q ,  (11) 

with the position of the dumbbell center, its velocity, 
and Q the angular velocity. Here a denotes the dyadic 

a = i  i - i i  ( 12) ( i.1) - u = (f k - kt. ' k - 1. k) - ' . ( 2 - kt. 'k - 1. a. A ) . i , 
4 0  8 4 .  

-1 +-'a = ('k-'k.'k-'.'kt) .(a.A -'k.'k-'.Z).i, (17) In terms of the preceding quantities, the translational, rota- 
tional and coupling resistance dyadics of the dumbbell are: 

where 

( 6 7 r ~ ) - ~ ' K  ='k = k++ + k+-  + k-+ + k--, z = l ~ ~ z + / l ~ F s ~ z + / a ~  + (z- / l>F,(z- /a) l  
( 6 ~ a l ) - ~ ' K  ='k = a.(k++ + k+- - k-+ - k--  ), 

( 6 ~ ~ 1 ~ ) -  'K ='k = a.(k+- - k++ - k--  + k-+ )-a.  (13) 

A reasonable approximation for hydrodynamic interaction ef- 
fects is obtained by taking (1) the direct resistance dyadics 
k++ and k--  to be synonymous with the (dimensionless) re- 
sistance dyadics for translation of isolated spheres near a 
plane wall, that is 

+ ( z - / l ) k + -  + (z+/l)k-+, 
1 

A = I[(Z,/~)F,(Z+/U)-(Z~/I)F,(Z_/U)] 
+(z-/l)k+- -(z+/l)k-+. (18) 

Calculations below are based on the arbitrary choice of 
bead radius a = o.21 for 

Spheroid 

purposes. 

and (2) the cross-resistance dyadics to be given by Stokeslet 
interactions, namely, 

(cf. Nitsche, 1995). In these equations, Fl, and F ,  represent 
dimensionless resistance coefficients for motion parallel and 
perpendicular to the wall, collectively tabulated by Brenner 
(1961), Goldman et al. (1967a), and Falade and Brenner 
(1988) as functions of the elevation z of the sphere center in 
units of the sphere radius a (see the Appendix). The dyadic 
VP( x; x,) represents the fundamental singular solution of the 
Stokes equations having singularity at xo and satisfying the 
no-slip condition on the plane t = 0, given by Blake (1971); 
cf. Nitsche (1995). The expression for 'K in Eq. 13 produces 
zero resistance for rotation about the axis. A term propor- 
tional to the dyadic ee must therefore be appended to pre- 
vent 'K from being singular, but the resistance coefficient for 
rotation about the axis (representing a dead degree of free- 
dom (Condiff and Dahler, 1966)) disappears from the axisym- 

For a spheroidal solute, we shall be content to utilize 
asymptotic expressions based upon the method of reflections 
carried out through second order in powers of the solute 
length 1 divided by its distance to the wall z ,  as given in most 
comprehensive form by Hirschfeld et al. (1984). Although this 
far-field approximation does not, of course, strictly apply 
when the spheroid lies within O(l)  distances from the wall, it 
is in fact reasonably accurate quantitatively at such distances. 
This statement can be verified by comparison with recent 
boundary-integral calculations reported by Hsu and Ganatos 
(1989). The various diffusion coefficients are found to de- 
crease with decreasing distance from the wall, albeit not ex- 
actly to zero as dictated by the lubrication singularity at 
near-contact configurations. The region in which the diffusiv- 
ities are seriously in error, however, amounts to a relatively 
thin layer near the boundary S(x, e) = 0 of the accessible 
configuration space. Although our hydrodynamic calculations 
for the spheroid certainly underestimate the severity of hin- 
drance effects near the wall, the quantitative errors incurred 
should not impact the veracity of our qualitative conclusions. 

The resistance dyadics are given by the following expres- 
sions after Hirschfeld et al. (1984) with slight notational 
changes: 
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Happel and Brenner, 1991, p. 223; Hirschfeld et al., 1984; 
Hsu and Ganatos, 1989) 

-1 
( 6 ~ 2  ) - ' ' K = k = k,. [ I - ( l/z ) W * k,] , 

( 6 ~ 1 '  ) - ' K = k = (4/3)( Z/z )' l--:( V W) s f  k,, 

(6.rrZ3)-"K~'k = (4/3)r,:~. 
GII = 0.2647, G = 0.3812, H,, = 0.0068, H ,  = 0.1337. 

(19) (25) 

Here, k, denotes the dimensionless unbounded-fluid trans- 
lational resistance dyadic, given by Calculation of dimsivity and velocity components 

For both model particles, the diffusion dyadics are related 
to the resistance dyadics (approximated as described above) 
via the Einstein relation 

(6~~l)-"K,=~k,=eeG~~ +(I-ee)G., (20) 

and r, similarly denotes the unbounded-fluid rotational tri- 
adic 

I* 

r , = ( i , i , e - i , i , e + p ' i , e i , -  p'i,ei,)- f i l  

1 +  p* 

(26) 

The entries in the axismmetric-form particle diffusivities ""D, 
eZD, "D can be obtained from the invariant-form diffusivities 

+(ei4i, - ei i )-; HI1 (21) 

both depend upon the particle orientation as embodied in 
the orthonormal triad {i,,i,,e]. The quantity E = - I X l  rep- 
resents the unit isotropic pseudotriadic (Hirschfeld et al., 
1984). Equation 21 has been written in such a way that HI, 
and Hi represent the dimensionless unbounded-fluid rota- 
tional resistances of the spheroid. Thus, according to the third 
member of Eq. 19, 

'D, 'D, 'D via the equations (see Nitsche and Brenner, 1990) 
O 9  2 

"D = k k ( k - ' D - k ) ,  

" ' D = i , k ( i , . ' D . k ) - i , k ( i , . ' D . k ) ,  

ee D = i ~ b ( i + * ~ D * i , ) -  i ~ i $ ( i + ' ~ D * b )  

- i6ig(ig -'D - i,) + i+i6(i, * ' D * i , ) .  (27) 

Also, 

( 8 ~ l ~ ) ) - " K = e e H , ~  +(I-ee)H,. (22) 

It is worth noting that, through second order in the reflection 
scheme, the rotational resistance itself is unaffected by hy- 
drodynamic interactions with the walls. This is not to say, 
however, that particle rotation is free from a hydrodynamic 
wall effect-see, for example, the angular velocity given by 
Eq. 24 below, in which 'k and 'k depend upon z. The quanti- 
ties W and V W represent wall-effect tensors given explicitly 
by (cf. Brenner, 1962; Happel and Brenner, 1991, p. 341; 
Hirschfeld et al., 1984; Falade and Brenner, 1985): 

W = ( i i  + j)(9/16) + kk(9/8), 

VW = - kkk(9/16) + (i ik - kii - iki + j k  - k j  - j&)(9/32). 

(23) 

The force- and torque-free translational velocities are given 
by the equations 

obtained by setting the hydrodynamic force and torque on 
the spheroid in shear flow (cf. Hirschfeld et al., 1984) equal 
to zero. 

Calculations below are based on the arbitrary choice of as- 
pect ratio p = 0.1 for illustrative purposes. A spheroid with 
this aspect ratio is characterized by the numerical values (cf. 

the latter equation deriving from the identity e = - e X R 
(Brenner and Condiff, 1972). It is worth noting that i + 0 as 

Figures 3 and 4 show the angular dependencies of selected 
velocity and diffusivity components for the dumbbell and 
spheroid, respectively, in the plane of shear (6 = ~ / 2 )  at fixed 
elevation z. In order to distinguish the effects of hydrody- 
namic interactions with the wall, we adopt a practice to be 
repeated below and compare the complete results (solid 
curves) with corresponding results where hydrodynamic wall 
effects have been artificially switched off (dot-dashed curves). 
(For the dumbbell, we achieve this switching off by setting 
Fl,, F ,  , and F, in Eqs. 14 and 16 to unity and by eliminating 
the reflected fields due to the walls in the Stokeslets appear- 
ing in Eq. 15; for the spheroid we set W and VW in Eqs. 23 
to zero.) For the dumbbell, additional curves are presented 
where bead-bead interactions have also been switched off by 
setting k + -  and k-+ to zero (dashed curves). By comparing 
dot-dashed and solid curves, it is seen that hydrodynamic wall 
effects have a small influence on the force- and torque-free 
angular velocity of the dumbbell (Figure 3a) but significantly 
decrease the rotary diffusivity (by about 1520% at z = 1.251 
-see Figure 3b. (The relatively small effect of solute-wall 
hydrodynamic interactions upon the angular velocity is con- 
sistent with the findings of Stover and Cohen (1990) and Ing- 
ber and Mondy (1994).) It is interesting to note that near 
cp = 0 shear-induced rotation is actually slightly enhanced as 
opposed to hindered. Hydrodynamic wall effects for rota- 

z +m. 
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Figure 3. Selected velocity and diffusivity components 
for a dumbbell having all = 0.2. 
Graphs depict angular dependencies in the plane of shear 
(19 = vfl) at elevation z = 1.25l. Dashed curves-no interac- 
tions; dot-dashed curves-only bead-bead interactions 
switched on; solid curves-both bead-bead and bead-wall 
interactions switched on. (a) Angular velocity i, * e = 6. (b) 
Rotational diffusivity i, .eeD. i, = Dqq. (c) Vertical transla- 
tional velocity i. 

reflection theory (Figures 4a and 4b) must be regarded as 
tiny perturbations without significance. For both types of so- 
lute particle there exists a nonzero z-directed convective ve- 
locity (Figures 3c and 4c) owing to coupling between transla- 
tional and rotational motions. In particular, for 0 < 4p < r / 2  
the greater resistance to vertical motion experienced by the 
lower (and lagging) bead or blunt end of the solute implies 
that rotation forces the center downwards, so that i is nega- 

Henceforth we shall work with dimensionless versions of 
the transport equations, which look identical to the dimen- 
sional versions, with the exception that the convective terms 
in Eq. 5 are multiplied by a PCclet number (Pe). The various 
dimensionless quantities are defined in terms of their dimen- 
sional counterparts (now distinguished with the prime ' su- 
perscript) according to the relations 

tive. (For the dumbbell, the slight oscillations of i above a id  
below zero near cp = ~ / 2  may be an artifact of the neglect of 
higher-order terms in the truncated reflection expansion un- 
derlying Eq. 17.) 
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Figure 4. Selected velocity and diffusivity components 
for a spheroid having aspect ratio p = 0.1. 
Graphs depict angular dependencies in the plane of shear 
(4 = n/2) at elevation z = 1.11. Dot-dashed curves-hydro- 
dynamic wall effects switched off; solid curves-hydrody- 
namic wall affects switched on. (a) Angular velocity i ,  . e = +. 
(b) Rotational diffusivity i ,  *ee D . i ,  Dqp.  (c) Vertical trans- 
lational velocity i. 

D = (Z/Dm)ezD, 

“‘D = (12/Dm)eeD’, 

ez 

i = ( + I ) - ’  i’, 

i = ( + ) - l e t .  

The Ptclet number 

Pe = y12/Dm (31) 

appearing in subsequent equations has the significance of a 
rotational Ptclet number. 

We shall seek an approximate solution of the preceding (29) 

Here Dm represents a number of order the unbounded-fluid 
translational diffusivity; specifically, we take 

equations in the form Of the Pe << 1 regular perturbation ex- 
pansion (cf. Bird and Warner, 1971; Schiek and Shaqfeh, 
1995) 

kT/6~rpa (dumbbell), 
kT/6Trp1 (spheroid). P =  ~ ~ o l + ( ~ e ) ~ ~ ~ l + ( ~ e ) ~ ~ [ ~ I +  a*.. (32) 

(30) 
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The lowest order distribution is constant, for the coefficients Cmnp, where 

PI01 1 (33) 

and successive corrections are governed by the respective in- 
homogeneous boundary-value problems 

together with periodicity and boundedness conditions. Here 
Vg,  g D ,  and gU represent shorthand for the "grand" (com- 
bined position- and orientation-space) gradient operator, dif- 
fusion dyadic, and solute velocity, namely, 

The transport equation in Eq. 34 represents the 
Euler-Lagrange equation for the functional 

I = /  ,(VgP[k1-gg).gD.(VsP[k]-gg)dzd2e, (36) 
f l z e  

and the auxiliary conditions are natural boundary conditions 
for the differential operator (cf. Carrier and Pearson, 1976). 
Thus, solving Eq. 34 is equivalent to minimizing I (cf. Phillips 
et al., 1989, 1990). The prime in R'" indicates the fact that, 
for numerical purposes, the configuration space is truncated 
above at a sufficiently large finite elevation z = zmm. 

In order to develop a numerical approximation for Pck1,  
this distribution is expanded as a finite sum 

p=O n = O  m = O  

where 

@ m n p ( Z ,  0,4) 

= P,",(COS e)cos(m4)cos[pdz - z,,,)/2z,,,I. (39) 

The restriction to only cosinusoidal terms in 4 and even Leg- 
endre polynomials follows from the symmetry properties of 
~ 1 ~ 1 ,  namely, 

pckYe, 4, Z) = P [ ~ ] ( o ,  - 4, z ) ,  

p[k l (e ,  4, Z) = ~ [ ~ l ( ~  - 8 ,  + 4,  z ) .  (40) 

Minimization of Z then leads to a linear system of the form 

These integrals are approximated numerically using Simpson's 
rule. Equation 41 for m' = n' = p' = 0 degenerates to 0 = 0 
and is replaced by C Coop = 0 for consistency with Eq. 9 and 
the fact that PCclet number corrections in P, have zero mean. 

Calculations are performed with z,, = 4 and N = 3, P = 6 .  
These values of the numerical parameters yield satisfactory 
convergence of the distribution function with increasing z and 
with increasing number of modes. However, since we desire 
very high accuracy in carrying out our perturbation expansion 
(Eq. 32) through fourth order for the nonhydrodynamically 
interacting dumbbell, calculations for this case (and this case 
exclusively) are performed using more angular modes (N = 4). 
For the dumbbell with hydrodynamic interactions, we evalu- 
ate hydrodynamic coefficients for particle-wall contact con- 
figurations at a slightly increased (by lop3) elevation, or else 
truncate the configuration space at a distance lod3  above the 
true contact surface given by S(z ,  0 )  = 0, in order to avoid 
numerical overflow errors associated with the lubrication sin- 
gularity in the sphere-plane drag coefficients. The calculated 
distributions are insensitive to the size of the added gap or 
the precise way in which the gap is introduced. 

P 

Distribution over Positions and Orientations 
Nonhydrodynumically interacting dumbbell in unbounded 
shear jlow 

Results are discussed most rationally with reference to the 
case of unbounded shear flow. Therefore, it is worthwhile to 
review briefly the properties of P, (el. 

The velocity components comprising e were given long ago 
by Jeffery (1922) for spheroidal particles. The dimensionless 
angular velocity e of a dumbbell (with beads that do not in- 
teract hydrodynamically) can be obtained from Jeffery's re- 
sults by considering the aspect ratio to be infinite, or else by 
direct calculation (cf. Eq. 17); one finds (cf. Bird and Warner, 
1971; Jeffery, 1922; Hinch and Leal, 1972; Park and Fuller, 
1984; Nitsche and Brenner, 1990) 

e = i ,  coszOcos 4 - i, cos 0 sin 4. (43) 

The successive corrections Pik]  in the small PCclet number 
expansion 

are determined by the sequence of orientational problems 

The first two are given explicitly by (cf. Bird and Warner, 
1971) 
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The simple shear flow, Eq. 1, represents a superposition of 
an elongational flow (with axis of elongational z = x corre- 
sponding to c p = ~ / 4 ,  S = T / ~ )  and a pure rotation (about 
the y-axis) (cf. Russel et al., 1989, p. 27). The first-order cor- 
rection Pi'] manifests a bias toward orientations aligned with 
the axis of elongation and away from orientations aligned with 
the perpendicular axis (z = - x, or cp = 3 ~ / 4 ,  8 = ~ / 2 )  (see 
Figure 5). Only at second order is there a tendency for align- 
ment in the flow direction (see Figure 6). 

Nonhydrodynamically interacting dumbbell near a wall 
Although the bead radius could be set to zero without loss 

of generality in this case, calculations are performed with a 
= 0.2 1 in order to maintain a direct geometrical correspon- 
dence with subsequent calculations incorporating bead-bead 
and bead-wall hydrodynamic interactions. 

Figures 5 and 6 compare the corrections P[' ]  and PI2) at 
three fixed elevations (z = 4, z = 1.25, and z = 0.7) with the 
corresponding unbounded-fluid orientational distributions 
Pi1] and Piz]. Both I"'] and are essentially indistinguish- 
able from their unbounded-fluid counterparts at z = 4. Closer 
to the wall the variations of P['] and I"'] at fixed z are smaller 
than the variations of Pi1] and PL']. For example, at z = 1.25 
the amplitude of PI1] is diminished by about 20% (see Figure 

- 0 . 5 0  
0.00 0.25 0.50 0.75 1.00 

Y - 
T 

Figure 5. Angular dependence of the first-order config- 
urational distribution P['] for a dumbbell hav- 
ing all = 0.2, neglecting hydrodynamic inter- 
action effects. 
The dashed curve represents the case of unbounded shear 
flow, and the solid curves apply to three elevations I above 
the wall. Not all orientations are accessible at z = 0.7. Ori- 
entations are in the plane of shear, that is, 4 is fixed at n/2. 
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(b) 
Figure 6. Angular dependence of the second-order 

configurational distribution PI2] for a dumb- 
bell having a / /  = 0.2, neglecting hydrody- 
namic interaction effects. 
The dashed curve represents the case of unbounded shear 
flow, and the solid curves apply to three elevations z above 
the wall. Not all orientations are accessible at z = 0.7. (a) 
Orientations in the plane of shear, that is, 4 fixed at n/2. 
(b) Orientations in a horizontal plane normal to the plane of 
shear, that is, 'p fixed at n/2. 

5). Thus, the dynamical consequence of steric constraints im- 
posed by the wall is an impediment to the shear-induced so- 
lute alignment. This effect, which we shall call "steric damp- 
ing,'' seems to decay exponentially with increasing distance 
from the wall. 
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Figure 7. Center-of-mass distribution for a dumbbell 
having a / /  = 0.2, neglecting hydrodynamic 
interaction effects. 
(a) Zeroth-order (equilibrium) distribution P,[%(z), cxhibit- 
ing depletion within one half-length of the wall due to exclu- 
sion of orientations. (b) Second-order correction P,[B ( z ) ,  
embodying the first effects of flow upon Pc,m,(z).  (c) 
Fourth-order correction Pc%,(z). 

- 0 . 0 1  0.00 0.01 0.02 0 . 0 3  
p%. 

(b) 

Arccosd[(z - a)*- /3*1/(1 - p 2 )  , z < 1 + a, 
221+a. 

We carried out the perturbation expansion (Eq. 32) numer- 
ically through fourth order in the rotational Ptclet number. 
The overall character of the distribution over accessible con- 
figurations is shown by the center-of-mass distribution 

emin = { 
0 

(48) 

pC.,,.(z) = ( 4 v ) - ' j 2 "  jv-'m'np(z,e,4)sin eded4 At lowest order the distribution is unaffected by the flow and 
is therefore uniform over all accessible positions and orienta- 
tions (P[O] = 1). Owing to the steric preclusion of certain ori- 
entations when the dumbbell center lies within one half- 
length of the wall, Pc[%(z) exhibits a well-known depletion 
near the wall (DiMarzio and Guttman, 1970; Park and Fuller, 
1984; Hoagland, 1988; Ausserrt et al., 1991; de Pablo and 
Ottinger, 1992; Schiek and Shaqfeh, 1995; cf. Aubert and Tir- 

0 e m i n  

= ~,!:,<z) + (pe)2p,zA.(z) + (P~)~P:~:.(z> 

+ 0[(pe)61 (47) 

to which only the even terms contribute, the odd terms hav- 
ing zero orientation average. Here, 
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rell 1982) (Figure 7a). Figures 7b and 7c show second- and 
fourth-order corrections to Pc,,,(z). As expected, alignment 
with the flow (manifested in Piz] and P[’l) has the conse- 
quence that the dumbbell can get closer to the wall. Thus, 
the first flow effect is to partially counteract the zeroth-order 
(equilibrium) depletion (Figure 7b). However, the fourth- 
order correction tends to reinforce the depletion (Figure 7c). 

4‘ 
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Hydrodynamically Interacting Dumbbell Near 
a Wall 

To compare the effects of bead-bead interactions (present 
even in unbounded shear flow) and hydrodynamic wall ef- 
fects, Figures 8 and 9 show results for three versions of the 
dumbbell: (1) the noninteracting dumbbell (dashed curves); 
(2) a dumbbell with bead-bead hydrodynamic interactions 
switched on, but bead-wall interactions switched off (dot- 
dashed curves); and (3) a dumbbell with full accounting for 
both bead-bead and bead-wall hydrodynamic interactions 
(solid curves). Aside from observing generally that both 
bead-bead and bead-wall hydrodynamic interactions change 
the distribution function quantitatively, two broad conclu- 
sions can be drawn from these figures by comparing solutes 
(2) and (3). First, hydrodynamic interactions with the wall in- 
crease the amplitude of the angular variations of P at small 
z. As is evident from Figure 8a, the increase for P[’]  amounts 
to about 15% at z = 1.25. An explanation for this phe- 
nomenon can be formulated with reference to Figures 3a and 
3b. Since hydrodynamic interactions have little influence upon 
the angular velocity but significantly decrease the rotary dif- 
fusivity near the wall, they locally increase the effective ro- 
tary PCclet number (effective flow strength), and thereby the 
amplitudes of the PCk]. The magnitude of the increase of k = 1 
is roughly consistent with the decrease in rotary diffusivity 
manifested in Figure 3b. (A comparison between solutes (1) 
and (2) reinforces this explanation: solute (2) has the smaller 
rotary diffusivity and, correspondingly, the larger amplitude 
of PI’].) It is thus interesting to note that solute-wall hydro- 
dynamic interactions partly counteract the steric damping ef- 
fect. Second, this phenomenon makes the second-order cen- 
ter-of-mass accumulation near the wall (which opposes the 
equilibrium depletion) more pronounced, although there is 
now a slight dip above z = 1; the maximum value of P J i ,  (2) 

increases by about 15%. 

Figure 8. First-order configurational distribution P[‘]  for 
a dumbbell having a / /  = 0.2. 
Dashed curves-no interactions; dot-dashed curves-only 
bead-bead interactions switched on; solid curves-both 
bead-bead and bead-wall interactions switched on. (a) 
Angular (rp) dependence in the plane of shear (8 = .rr/z) at 
elevation z = 1.25. (b) z Dependence at orientation 4 = rrp, 
p = n/4, the most probable orientation in unbounded shear 
flow. 

I 

-0.01 0.00 0.01 0.02 0 . 0 3  e. 
Figure 9. Second-order correction Pi%. (z) to the cen- 

ter-of-mass distribution for a dumbbell having 
a / /  = 0.2; significance of curves is as in Figure 
8. 
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(b) 
Figure 10. First-order configurational distribution P[’]  

for a spheroid having aspect ratio p = 0.1. 
Dot-dashed curves-hydrodynamic wall effects switched 
off; solid curves-hydrodynamic wall effects switched on. 
(a) Angular (rp) dependence in the plane of shear (8 = ../2) 
at elevation z = 1.1. (b) z Dependence at orientation 19 = 

T/2, rp = T/4. 

A close examination of Figure 8b indicates that, in the 
presence of bead-wall hydrodynamic interactions, the first- 
order correction P[’] at a fixed orientation goes through a 
weak maximum around z = 2.5. This feature of P[l] is expli- 
cable in view of Figure 3c. At the orientation considered, the 
force- and torque-free convective velocity has a significant 
downward component. This tends to cause an accumulation 
of dumbbell configurations at smaller z (akin to a gravita- 
tional Boltzmann bias), but is overpowered by the decrease in 
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Figure 11. Second-order correction Pi2A. ( 2 )  to the cen- 
ter-of-mass distribution for a spheroid having 
aspect ratio p = 0.1; significance of curves 
is as in Figure 10. 

amplitude (steric damping effect) as z + 0 (cf. Figure 51, 
hence the maximum at a finite value of z .  

Spheroid Near a Wall 
Figures 10 and 11 show corresponding results for a spheroid 

with aspect ratio = 0.1. Analogously to (2) and (31, the 
dot-dashed curves represent the case where hydrodynamic 
wall effects are artificially switched off and the solid curves 
represent the full solution embodying hydrodynamic interac- 
tions with the wall. Although there are quantitative differ- 
ences, the preceding overall qualitative conclusions are con- 
firmed. Details of the distribution function at small z must 
be regarded as suspect because our hydrodynamic approxi- 
mations for the spheroid underestimate the severity of hin- 
drance effects near the wall. 

Discussion 
Preceding calculations represent a detailed investigation of 

the manner in which steric and hydrodynamic wall effects in- 
fluence the configurational distributions of nonspherical par- 
ticles in shear flow near a wall. Steric constraints tend to damp 
angular variations in the distribution function, impeding 
shear-induced alignment relative to the case of unbounded 
fluid. In constrast, hydrodynamic interactions with the wall 
increase the amplitude of angular variations owing to an ef- 
fective local increase in the rotational Piclet number. The 
magnitude of these changes in the distribution function is of 
order 15-20% for the dumbbell at z = 1.25. Although ad- 
dressing the simplest (plane wall, constant shear) system, the 
results and conclusions regarding near-wall physics apply 
generally (e.g., to pressure-driven flows through pores) inso- 
far as the wall appears locally flat and the flow is locally lin- 
ear. The consideration (albeit approximate) of both dumb- 
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bell-shaped and spheroidal solutes collectively addresses both 
lubrication effects (by the inclusion of exact sphere-plane in- 
teractions in the case of the dumbbell) and realistic represen- 
tation of rodlike solute shapes (for the spheroid). 

Schiek and Shaqfeh’s (1995) Figure 5 indicates that their 
P,!!,(z) is positive for 0 < z < 0.5, but negative for 0.5 < z < 1 
(and zero for z > 1). The infinitesimally thin rodlike solute 
studied by them most closely resembles the spheroid model 
with hydrodynamic wall effects switched off (dot-dashed 
curves in Figures 10 and 11). Our Pi,(z) for this solute is 
positive over most of the interval 0 < z < 1, with only a slight 
dip to negative values near z = 1 (which, in fact, extends to 
elevations above z = 1). This difference in behavior may be a 
consequence of the nonlinearity of Schiek and Shaqfeh’s fluid 
velocity profile, which arises from their consideration of the 
effect of solutes upon the fluid stress. 

Simulations of de Pablo et al. (1992) show that flow coun- 
teracts the equilibrium depletion near the wall at low shear 
rates, but reinforces this depletion at high shear rates. (The 
predicted high-shear rate trend seems to be observed experi- 
mentally (AusserrC et al., 1991), as is noted by de Pablo et 
al.) Insofar as a small PeClet number expansion serves to as- 
certain the full PCclet number dependence of the solute cen- 
ter-of-mass concentration, our findings are suggestive of the 
same conclusion, because PL%(z) is predominantly negative 
but P;:,(z) is positive. 
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Notation 
Amcncp, ,mnp,  Bmrn,p, =matrix and righthand side of linear system that 

determines the coefficients Cmnp 
ansion for kth-order 

distribution function P[ 1 
0, =scalar with dimensions of a translation diffusiv- 

‘ D =translational diffusion dyadic 
“D =diffusion dyadic for coupling between transla- 

tional and rotational motions 
‘D =rotational diffusion dyadic 

Cmnp =coefficient in series e T 

ity 

G I,, G I =dimensionless translational resistance coeffi- 
cients for spheroid in unbounded fluid 

I =unit isotropic dyadic 
HI, , HI =dimensionless rotational resistance coefficients 

i, j ,  k =orthonormal triad of space-fixed coordinate 
for spheroid in unbounded fluid 

unit vectors 
i,, i,; e =solute-fixed orthononnal triad 

K =translation resistance dyadic 
‘K =resistance dyadic for coupling between transla- 

‘K =rotational resistance dyadic 
K, =translational resistance dyadic for spheroid in 

unbounded fluid 
kT = Boltzmann factor 

tional and rotational motions 

1 = half-length of dumbbell 
PIk](z, 8,+) =kth-order correction in regular perturbation 

expansion for P(z ,  8,+)  
i =z component of solute translational velocity U 
a =aspect ratio of dumbbell 

p =aspect ratio of spheroid 
j~ =shear rate 

V, = position-space gradient operator 
V, = orientation-space gradient operator 
jt =fluid viscosity 

Superscript 
[ k ]  =order in perturbation expansion 
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Appendix: Hydrodynamic Inputs for the Dumbbell 
Since we draw from a number of results for sphere-wall 

hydrodynamic interaction in calculating the direct bead resis- 
tance dyadics k++ and k-- according to Eq. 14, it is worth- 
while to present some details of the calculations and to estab- 
lish correspondences between notation schemes employed in 
the articles cited. 

To calculate the hydrodynamic coefficients entering F , ,  and 
F ,  we utilize far-field asymptotic expressions for z * / a  > 
10.0677, interpolation for 10.0677 L z +/a  2 1.003202, and lu- 
brication-theory asymptotes for 1.003202 > z +/a > 1. Our 
routines collect the numerical values and asymptotic formu- 
las listed by Brenner (1961), Goldman et al. (1967a), and 
Falade and Brenner (1988). In the intermediate regime our 
interpolation is linear in a table giving the hydrodynamic co- 
efficients as a function of ln[(z + / a )  - 11. The only exception 
is the coefficient b or A, for which we use In b = In A instead 
of b = A itself. A few errata in the tabulation of Falade and 
Brenner (1988) have been corrected (cf. Nitsche and Balgi, 
1994). The functions F , ,  and F ,  are given explicitly by the 
following expressions (see Table A.1): 

F , ,  = a - (4/3)e2/c, 

F ,  = b = A .  (49) 

To calculate the additional hydrodynamic coefficients en- 
tering F, we use the results of Goldman et al. (196%) in the 
form of far-field asymptotic expressions for z + / a  > 10.0677, 
and interpolation for 10.0677 2 z * /a  2 0. It is unnecessary to 
distinguish a third small-gap interval, as the shear coeffi- 
cients Fi* and Ty* approach finite limits or z Ju -+ 1. Inter- 
polation is linear in a table giving the shear coefficients as 
functions of (z+/a)- ’ .  - F, is given explicitly by the equation 
(Table Al). 

(50) 

Assuming freely rotating beads for the dumbbell model with 
hydrodynamic wall effects is common (Nadim and Brenner, 
1989) and simplifies the hydrodynamic calculations, but is 
unessential. Coupling between translational and rotational 
motions leads to only slight numerical differences between 
translational resistance coefficients of freely rotating and 
nonfreely rotating spheres near a plane wall (cf. Goldman et 
al., 1967a). 
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